Abstract. We prove that the number of integers in the interval [0, x] that are non-trivial Ramsey numbers r(k, n) (3 ≤ k ≤ n) has order of magnitude √ x ln x .
). Clark and Dabab [10] determined the distribution function D N of the function N : P 2 → N where the N(n, k) are the Narayana numbers. Erdös and Niven [14] proved that the number of distinct multinomial coefficients at most x > 0 is (1+ √ 2 ) √ x+o( √ x ) . Andrews, Knopfmacher, and Zimmermann [2] also investigated this topic. Clark [9] examined the multiplicity problem and proved best possible bounds for #f −1 (n) for a large class of functions f including b, N .
The Ramsey numbers, r(k, l) where k, l ∈ P (cf. West [22] ), are among the most important of combinatoric-theoretic numbers. Despite substantial efforts spanning decades our knowledge of the Ramsey numbers is quite limited. Only nine nontrivial values of r(k, l), with 3 ≤ k, l ≤ 5, and non-trivial bounds for certain other r(k, l), with 3 ≤ k, l ≤ 19, are known (cf. Radziszowski [19] ). General bounds for all r(k, l) are known. At present the best lower bounds are due to Bohman [4] and Bohman and Keevash [5] and the best upper bounds are due to Conlon [12] . They have very different orders of magnitude. The order of magnitude of only one infinite family of Ramsey numbers is known: Kim [18] proved that r(3, n) = Θ(n 2 / log n) by improving the lower bound r(3, n) ≥ c 1 n 2 / log 2 n of Erdös [13] to match the upper bound r(3, n) ≤ c 2 n 2 / log n of Ajtai, Komlós, and Szemerédi [1] . His proof used many modern tools from probabilistic combinatorics. See also [16] .
The computational complexity of determining r(k, l) is not known although clearly hard (cf. Haanpää [17] and Schweitzer [21] ). More is known about certain generalizations. Burr [6] proved that determining whether the graph Ramsey number r(G, H) ≤ m is NP-hard. He [7] proved that determining whether the arrow relation F → (G, H) holds is coNP-hard. Schaefer [20] proved that determining whether F → (G, H) holds is Π 2 -complete. A quantum algorithm in complexity class QMA for computing r(k, l) was given by the authors [15] who proved that its solution can be found using adiabatic evolution. See also Bian et al. [3] .
Trivially r(1, n) = r(n, 1) = 1 (n ≥ 1) and r(2, n) = r(n, 2) = n (n ≥ 2). Hence every positive integer is a trivial Ramsey number. We consider the non-trivial Ramsey numbers r(k, n) where 3 ≤ k ≤ n since all r(k, n) = r(n, k) . We note that
gives the non-trivial Ramsey numbers. In this note we prove that its distribution function
It is rather remarkable that a property of Ramsey numbers as fundamental as their distribution has not been studied prior to this work. Our result for Ramsey numbers is the direct analog of Chebyshev's result for prime numbers namely π(x) = Θ(x/ ln x) . We deduce that the density of non-trivial Ramsey numbers is roughly the square root of the density of prime numbers.
Distribution of the Ramsey Numbers
Bohman [4] proved there exists a constant c > 0 and an integer N 1 ≥ 4, such that r(4, n) ≥ cn 5/2 / ln 2 n (n ≥ N 1 ) . It follows that there exists a constant 1 ≥ d > 0 such that r(4, n) ≥ dn 9/4 (n ≥ 4) . Further r(k, n) ≥ r(4, n) for all n ≥ k ≥ 4 . Hence
r(x) = #R(x) . Then R(x) is the set of non-trivial Ramsey numbers and r(x)
is the number of non-trivial Ramsey numbers, ignoring their multiplicity, in the interval [0, x] . Notice that r(x) = D r (x) from the introduction. Then (2.2) gives
. This implies the result.
This implies the result.
The result of Kim [18] implies there exist positive constants c 1 < c 2 such that c 1 n 2 / ln n ≤ r(3, n) ≤ c 2 n 2 / ln n (n ≥ 3) . It follows that there exists x 1 ≥ 6 such that
where, say, c 3 = (4c 2 ) −1/2 > 0 and c 4 = c
> 0 which is adequate for our needs.
Proof. There exists x 2 ≥ 8 such that x ≥ 2 9/4 d 81/16 log 9/4 2 x for all x ≥ x 2 . Fix x ≥ max{x 1 , x 2 } with x 1 from (2.5). Then (2.4) and (2.5) give
Each r k (x) = 0 for k ≥ ⌈2 log 2 x⌉ by Lemma 2.2. Hence 
which implies our result.
Conclusion
We have proved that the number of non-trivial Ramsey numbers at most x is Θ( √ x ln x ) . It is interesting that this fundamental fact can be determined at present. Our result for the Ramsey numbers is the direct analog of Chebyshev's result that the number of prime numbers at most x is Θ(x/ ln x) . Roughly then the density of non-trivial Ramsey numbers is the square root of the density of prime numbers.
As noted in the introduction, very little work has been done to determine the distribution of other significant families of combinatoric-theoretic numbers. We think this is an interesting, and important, direction for future work.
